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One striking property of the Landau level spectrum of a Weyl semimetal (WSM) is the existence
of a chiral Landau level, in which the electrons propagate unidirectionally along the magnetic field.
This linearly dispersive level influences the optical properties of WSMs. For example, it was recently
shown that a complete optical valley polarization is achievable in a time-reversal symmetric Weyl
semimetal placed in a magnetic field1. This effect originates from inter-Landau level transitions
involving the chiral Landau level and requires a tilt of the Weyl cones. In this paper, we show how
the magneto-optical Kerr effect (MOKE) is modified in a WSM with tilted Weyl cones in comparison
with its behavior in a normal metal and how a valley polarization can be detected using MOKE.
We study both the Faraday (longitudinal) and Voigt (transverse) configurations for light incident
on a semi-infinite WSM surface with no Fermi arcs. We use a minimal model of a WSM with four
tilted Weyl nodes related by mirror and time-reversal symmetry. In the Voigt configuration, a large
peak of the Kerr angle occurs at the plasmon frequency. We show that the blueshift in frequency
of this peak with increasing magnetic field is a signature of the chiral anomaly in the MOKE.
I. INTRODUCTION
A Weyl semimetal2 is a three-dimensional topologi-
cal phase of matter, where pairs of nondegenerate bands
cross at isolated points in the Brillouin zone. Near these
points, called “Weyl nodes”, the electronic dispersion is
gapless and linear in momentum and the excitations sat-
isfy the Weyl equation, a two-component analog of the
Dirac equation. Each Weyl node is a source or sink of
Berry curvature, which acts as a magnetic field in mo-
mentum space, and has a chirality index χ = ±1 reflect-
ing the topological nature of the band structure. The
Nielsen-Ninomiya theorem3 requires that the number of
Weyl points in the Brillouin zone be even so that Weyl
nodes must occur in pairs of opposite chirality. For the
Weyl nodes to be stable, either inversion symmetry or
time-reversal symmetry must be broken.
Weyl semimetals show a number of interesting trans-
port properties, such as an anomalous Hall effect4, a
chiral-magnetic effect5, Fermi arcs6 and a chiral anomaly
leading to a negative longitudinal magnetoresistance7.
The topological aspects of WSMs also show up in their
optical properties, especially so when a magnetic field is
present. In this case, the linear dispersion is split into
positive (n > 0) and negative (n < 0) energy dispersive
Landau levels. The n = 0 Landau level is chiral because
its dispersion is unidirectional, e.g. E (kz) = −χvF kz for
a magnetic field along the z direction. The absorption
spectrum is different from that of Schro¨dinger or Dirac
fermions8 and can be used to show the phenomenon of
charge pumping due to the chiral anomaly9 or other pho-
toinduced responses, as well as to distinguish between
type I and type II WSMs10.
In this paper, we investigate another optical property
that is affected by the topological nature of WSMs, i.e.
the magneto-optical Kerr effect (MOKE), which consists
in the rotation of the plane of polarization of a beam of
light reflected from the surface of a WSM in a magnetic
field. In graphene, also a material with Dirac-like dis-
persion, a substantial rotation of the polarization plane
(> 0.1 rad) upon transmission (the related Faraday ef-
fect) has been reported recently11. In WSMs, Faraday
and Kerr rotations have been studied in some detail in
Ref. 12 for a minimal model of a WSM with intrinsically
broken time-reversal symmetry (TRS) and no magnetic
field. In such model, the axion term of the electromag-
netic action makes a gyrotropic contribution to the di-
electric function, thereby leading to Faraday and Kerr
rotations in the absence of an external magnetic field.
In the present work, our model of a WSM preserves
TRS and the Kerr rotation is due to the presence of an
external magnetic field, which we set either along the di-
rection of propagation of the incoming electromagnetic
wave (i.e. the longitudinal or Faraday configuration) or
perpendicular to it (the transverse or Voigt configura-
tion). One motivation for this work is our previous study
of the optical absorption1,13 in WSMs, which predicted
the possibility of a complete optical valley polarization
for a sizeable interval of frequency in a time-reversal sym-
metric type I WSM with tilted Dirac cones, by a suitable
choice of the relative orientation of the incoming light
wave, magnetic field, and tilt vector. The valley polar-
ization shows up as a splitting of the absorption line of
two nodes related by TRS at zero magnetic field, for tran-
sitions involving the chiral Landau level.
There have been some previous works on the MOKE in
WSMs. A giant polarization rotation has been predicted
in type I and II WSM with tilted cones and broken TRS
in zero magnetic field14. Kerr and Faraday rotations for
zero tilt but finite magnetic field and broken TRS have
also been studied15. Moreover, experimental evidences
for chiral pumping of the Weyl nodes in the WSM TaAs
have appeared recently16,17. The work we present here
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2is different. We study the MOKE in a simplified model
of a WSM with four nodes related by TRS and mirror
symmetry in a quantizing magnetic field and in both the
Faraday and Voigt geometries. We show that, in con-
trast with a “normal” metal, in a WSM a sizeable Kerr
rotation can be expected in both geometries for moder-
ate values of the background dielectric constant ε∞. In
the resonant regime, where the frequency of the incoming
light matches an electronic interband (i.e. inter-Landau
level) transition, Kerr rotation can be used as a spectro-
scopic tool to detect the inter-Landau level transitions.
The presence of tilted cones modifies the Landau level
quantization and changes the selection rules, giving a
much richer interband spectrum in MOKE: when a mag-
netic field is applied in a direction other than the tilt,
interband transitions other than the usual dipolar ones
(|n| → |n| ± 1) become possible10. Moreover, the valley
polarization effect we reported earlier for optical absorp-
tion also appears in the Kerr rotation, thus providing
another way to detect this effect experimentally.
We find that the Voigt configuration is particularly in-
teresting because it enables having a component of the
incoming electric field in the direction of the quantizing
magnetic field. A consequence of the chiral anomaly in
WSMs is that the plasmon frequency ωp, which is given
by the condition that Re
[
ε‖ (ωp)
]
= 0, increases with
magnetic field. Here ε‖ is the element of the dielectric
tensor in the direction of the external magnetic field, e.g.
εxx for B along x̂. In contrast with the Faraday config-
uration, ε‖ enters in the definition of the Kerr angle so
that we expect that the behavior of the Kerr angle will be
modified by the chiral anomaly. Indeed, we show that a
strong maximum in the Kerr angle occurs at the plasmon
frequency, which is in the THz range for moderate values
of ε∞, i.e. close to the threshold of the electronic inter-
band transitions. The frequency of this peak increases
with magnetic field, providing a clear signature of the
chiral anomaly in the Kerr rotation.
The remainder of this paper is organized as follows:
Section II introduces our minimal four-node model of a
WSM with TRS and tilted cones, and gives the energy
spectrum of each node. Section III explains how we com-
pute the dynamical conductivity tensor for both inter-
and intra-Landau level transitions. In Sec. IV, we give
the formalism to compute the Kerr angle in both the
Faraday and Voigt configurations. Section V contains
our numerical results, which are further summarized in
Sec. VI. In order to lighten the main text, we have put
details of all calculations in appendix A for the energy
spectrum and appendix B for the derivation of the cur-
rent operator for tilted cones. In appendix C, we discuss
the MOKE for a normal metal in order to provide a basis
for comparison with our findings for a WSM.
𝑘𝑧
𝜏 = 1
𝜏 = 2
𝜏 = 4
𝜏 = 3
Γ
FIG. 1. Toy model of a WSM with time-reversal symmetry
and a mirror plane perpendicular to the ẑ direction. The y
axis passes through the cross. Blue and red circles indicate
Weyl nodes with opposite chiralities.
II. MODEL HAMILTONIAN
We consider a simple model of a WSM, which pos-
sesses TRS in the absence of a magnetic field. This toy
model has been described and justified in Refs. 1 and
13, where we used it to calculate the optical valley po-
larization in a WSM. The model consists of four tilted
Weyl nodes (denoted by the index τ = 1, 2, 3, 4), two for
each chirality, and a mirror plane placed perpendicularly
to the z axis as shown in Fig. 1. Pairs of nodes of op-
posite chirality (τ = 1, 2 and τ = 3, 4) are related to one
another by the mirror plane, while nodes τ = 1, 3 and
τ = 2, 4 are related by time-reversal symmetry in the
absence of the magnetic field. Thus, the four nodes are
symmetry-equivalent in the absence of a magnetic field.
The low-energy noninteracting single-particle Hamil-
tonian for an electron in node τ is given by
hτ (p) = dτ,0(p)σ0 + dτ (p) · σ, (1)
where p is the momentum of the electron measured with
respect to the Weyl node, σ is a vector of Pauli matrices
in the 1/2−pseudospin state of the two bands at their
crossing points and σ0 is the 2× 2 unit matrix. For node
τ = 1, we take
d1,0(p) = vF t · p,
d1(p) = vFp, (2)
where vF is the Fermi velocity and t is a dimensionless
vector describing the magnitude and direction of the tilt
of the Weyl cone. We restrict our analysis to a type I
WSM, i.e. to |t| < 1. The Hamiltonians of the other
three Weyl nodes are obtained by applying mirror and
time-reversal operations to h1(p). These amount to mak-
3ing the transformations
τ = 1→ 2 : (vF , tx, ty, tz)→ (−vF ,−tx,−ty, tz),
τ = 1→ 3 : (vF , tx, ty, tz)→ (vF ,−tx,−ty,−tz), (3)
τ = 1→ 4 : (vF , tx, ty, tz)→ (−vF , tx, ty,−tz),
where we have assumed that σ transforms as a spin under
time-reversal and mirror operations (see Ref. 13 for a
discussion of this point).
A transverse static magnetic field B0 is added via
the Peierls substitution p → P = p + eA. While it is
possible to obtain the energy levels of the hamiltonian
analytically10, we find it more convenient to use a nu-
merical approach in order to get a fully orthonormal ba-
sis for the eigenspinors. Moreover, a numerical approach
allows a study of the system for arbitrary orientations
of the magnetic field and tilt vector. It also allows the
consideration of more complex Hamiltonians with, for ex-
ample, non linear terms in the energy spectrum13. The
numerical diagonalization of h1(P) is carried out in Ap-
pendix A. The many-body Hamiltonian in the basis of
the Landau levels of h1(P) can be written as
H =
∑
τ,X,p‖,I
EI
(
τ, p‖
)
d†I
(
τ,X, p‖
)
dI
(
τ,X, p‖
)
. (4)
In Eq. (4), the eigenstates are defined by the set of quan-
tum numbers
(
I,X, p‖, τ
)
, where X is the guiding-center
index and I = (n, s) the Landau level index. Our conven-
tion is to take n = 0, 1, 2, 3, ... as a positive number and
use s = +1 (−1) for the positive (negative)-energy levels.
The variable p‖ = }k‖ is the momentum in the direction
of the magnetic field, which we set along the z (or x)
axis, i.e. perpendicular (or parallel) to the mirror plane.
Each Landau level
(
I, p‖, τ
)
has the macroscopic degen-
eracy Nϕ = S/2pi`
2, where ` =
√
}/eB0 is the magnetic
length and S is the area of the WSM perpendicular to
the magnetic field. The operator d†I
(
τ,X, p‖
)
creates an
electron in the quantum state
(
I, p‖, X, τ
)
.
The dispersion of the Landau levels is given in Figs. 2
and 3 for t ⊥ B and t||B, respectively. The arrows in
these figures indicate the energy gap for interband tran-
sitions when the Fermi level EF is in the chiral Landau
level (i.e. n = 0). The optical gaps are identical for all
nodes when the tilt and magnetic field are perpendicular
to each other. When the magnetic field is perpendicular
to the mirror plane and has a nonzero projection along
the tilt vector, the optical gaps for interband transitions
involving the chiral Landau level are different for nodes
that are related by time-reversal symmetry when B0 = 0,
but equal for nodes that are mirror partners (see Ref.
1 for a discussion on general orientations of B). When
light propagates along the direction of the magnetic field,
this difference in the absorption gap leads to a full valley
polarization1.
k‖`
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FIG. 2. Dispersion of the first Landau levels of the four nodes
for t = tẑ and B = B0x̂. The length of each arrow indicates
the lowest-energy interband transition under right circularly
polarized light. When the tilt vectors of the nodes are perpen-
dicular to the static magnetic field, all nodes have the same
interband absorption threshold. For clarity, the position of
the different nodes has been shifted in k‖`.
k‖`
−3
−2
−1
0
1
2
3
E n
(h¯
v F
/
`)
τ = 1 τ = 2 τ = 3 τ = 4µ
FIG. 3. Dispersion of the Landau levels for the four nodes for
t = tẑ and B = B0ẑ. The length of each arrow indicates the
lowest-energy interband transition under right circularly po-
larized light. When the tilt vectors of the nodes have nonzero
components along the static magnetic field, different pairs of
nodes have different interband absorption thresholds in the
quantum limit, thereby leading to a valley polarization. For
clarity, the position of the different nodes has been shifted in
k‖`.
III. OPTICAL CONDUCTIVITY
The magneto-optical conductivity of Weyl semimetals
has been calculated before18. The effect of a tilt on the
ac optical response has also been considered in a model
of a WSM with broken TRS and no quantizing magnetic
4field19. Here we consider the effect of a tilt on the four-
node model introduced above (which has TRS) and in
the presence of a quantizing magnetic field. We restrict
ourselves to T = 0K. Since we are mainly interested in
the behavior of the Kerr angle in the resonant regime,
i.e. in the THz range of frequencies, finite temperature
effects should be negligible for experiments carried out
at low temperature, i.e. at a few Kelvin.
The single-particle current operator for node τ is de-
fined by
jτ = − ∂hτ (p)
∂Aext
∣∣∣∣
Aext→0
= −evF (σ + tσ0) , (5)
where Aext is the vector potential of an external electro-
magnetic field. The many-body current is
Jτ =
∫
d3rψ†τ (r) jτψτ (r) (6)
= −evF
∑
τ,p‖,X
∑
I,J
ΥI,J
(
τ, p‖
)
d†I
(
τ,X, p‖
)
dJ
(
τ,X, p‖
)
,
where the matrix elements ΥI,J
(
τ, p‖
)
are given in Eq.
(B4) of Appendix B.
It is convenient to define the operator
ρI,J
(
τ, p‖
)
=
1
Nϕ
∑
X
d†I
(
τ,X, p‖
)
dJ
(
τ,X, p‖
)
, (7)
so that the many-body Hamiltonian and current can be
written as
H =
∑
τ,p‖,I
EI
(
τ, p‖
)
ρI,I
(
τ, p‖
)
(8)
and
Jτ = −evF
∑
p‖
∑
I,J
ΥI,J
(
τ, p‖
)
ρI,J
(
τ, p‖
)
. (9)
The optical conductivity tensor is related to the re-
tarded current response function χRα,β(ω) = χ
R
αβ(q =
0, ω) by
σα,β(ω) =
i
ω
[
χRα,β(ω)− χRα,β(0)δαβ
]
, (10)
where α, β ∈ {x, y, z} and ω is the frequency of the in-
coming light beam. The diamagnetic contribution to the
current operator is lacking in the continuum approxima-
tion of the linear spectrum of the low-energy model. This
absence leads to unphysical terms12 in σα,β(ω). The sec-
ond term on the right hand side of Eq. (10) is required
in order to remove these spurious contributions.
The retarded current response function can be ob-
tained from the two-particle Matsubara Green’s function
χα,β (τ) = − 1}V 〈TτJα (τ) Jβ (0)〉 (11)
= −e2v2F
1
}V
∑
I,J
∑
K,L
∑
p‖,p′‖
Υ
(α)
I,J
(
p‖
)
Υ
(β)
K,L
(
p′‖
)
×
〈
TτρI,J
(
τ, p‖
)
ρK,L
(
0, p′‖
)〉
,
where Tτ is the time ordering operator and τ an imagi-
nary time, not to be confused with the node index. We
omit the node index in the remaining of this section in
order to avoid any confusion. In linear response, χα,β (τ)
is approximated by
χα,β (τ) = e
2v2F
1
}V
∑
I,J
∑
X,p‖
Υ
(α)
I,J
(
p‖
)
Υ
(β)
J,I
(
p‖
)
(12)
×GI,X
(
p‖,−τ
)
GJ,X
(
p‖, τ
)
,
where the single-particle Matsubara Green’s function is
defined by
GI,X
(
p‖, τ
)
= −
〈
TτdI
(
p‖, τ
)
d†I
(
p‖, 0
)〉
. (13)
Fourier-transforming χα,β (τ) , we get the familiar result
χα,β (iΩp) =
∫ β}
0
dτeiΩpτχα,β (τ) (14)
=
e2v2F
β}2V
∑
ωn
∑
I,J
∑
X,p‖
Υ
(α)
I,J
(
p‖
)
Υ
(β)
J,I
(
p‖
)
×GI,X
(
p‖, iωn
)
GJ,X
(
p‖, iΩp + iωn
)
,
where Ωp, ωn are respectively bosonic and fermionic Mat-
subara frequencies. The current-current response has
contributions from both intra- and inter-Landau level
transitions. We compute them separately in the follow-
ing sections. Moreover, the total current response and
the related dielectric tensor are obtained by summing
the individual current response of the four nodes.
A. Inter-Landau-level contributions to the current
response function χα,β (ω)
With the Hamiltonian given by Eq. (4), the single-
particle Matsubara Green’s function is simply
GI,X
(
p‖, iωn
)
=
1
iωn −
(
EI
(
p‖
)− µ) /} , (15)
where µ is the chemical potential. It is independent of
the guiding-center index X.
Performing the frequency sum in Eq. (14) and taking
the analytic continuation iΩp → ω + iδ, we get for each
node τ the interband response function
χRα,β (ω) = −
e2v2F
4pi2`2}2
∑
I,J
(I 6=J)
∫
dp‖Υ
(α)
I,J
(
p‖
)
Υ
(β)
J,I
(
p‖
)
× f
(
EJ
(
p‖
))− f (EI (p‖))
ω + iδ − (EJ (p‖)− EI (p‖)) /} , (16)
where f (E) = 1/(eβ(E−µ) + 1) is the Fermi function,
β = 1/kBT and kB is the Boltzmann constant. At T = 0
K, µ→ EF and f
(
EJ
(
p‖
))→ Θ (EF − EJ (p‖)) , where
Θ (x) is the step function and EF the Fermi level. Since
5disorder is not included in our analysis, each Landau level
is either filled or empty. It follows that only transitions
between an occupied and an unoccupied level can con-
tribute to the response function.
B. Intra-Landau-level contribution to the response
function χα,β (ω)
We consider the situation where the Fermi level lies
in the chiral level n = 0, above E = 0 but below the
energy of the level n = 1. The only allowed intra-Landau
level transitions are then those that take place in the
chiral level. To calculate their contribution to the current
response function, disorder needs to be considered. The
spectral representation of the disorder-averaged single-
particle Green’s function in level n = 0 is given by
〈
G0,X
(
p‖, iωn
)〉
=
∫ +∞
−∞
dω
A0
(
p‖, ω
)
iωn − ω , (17)
with the spectral weight approximated by the Lorentzian
shape
A0
(
p‖, ω
)
=
Γ/pi(
ω − (E0 (p‖)− µ) /})2 + Γ2 , (18)
where Γ = 1/2τ0, with τ0 the momentum relaxation time.
The current response function becomes
χα,β (iΩp) =
e2v2FNϕ
}V
∑
p‖
Υ
(α)
0,0
(
p‖
)
Υ
(β)
0,0
(
p‖
)
(19)
× 1
β}
∑
ωn
∫ +∞
−∞
dω′
A0
(
p‖, ω′
)
iΩp + iωn − ω′
×
∫ +∞
−∞
dω′′
A0
(
p‖, ω′′
)
iωn − ω′′ .
Performing the Matsubara frequency sum and taking the
analytical continuation iΩp → ω + iδ, we get
χRα,β (ω) =
e2v2F
2pi`2}2
∫
dp‖
2pi
Υ
(α)
0,0
(
p‖
)
Υ
(β)
0,0
(
p‖
)
(20)
×
∫ +∞
−∞
dω′
∫ +∞
−∞
dω′′a0
(
p‖, ω′
)
×a0
(
p‖, ω′′
) f (ω′′)− f (ω′)
ω + iδ + ω′′ − ω′ ,
where we have defined
a0
(
p‖, ω
)
= A0
(
p‖, ω + µ/}
)
. (21)
Defining also
g0
(
p‖, ω
)
=
ω − E0
(
p‖
)
/}(
ω − E0
(
p‖
)
/}
)2
+ Γ2
, (22)
we get, at zero temperature and after some simple algebra
χRαβ (ω) =
e2v2F
2pi`2}2
∫
dp‖
2pi
Υ
(α)
0,0
(
p‖
)
Υ
(β)
0,0
(
p‖
)
(23)
×
[∫ +EF /}
−∞
dω′a0
(
p‖, ω′
)
× [g0 (p‖, ω′ + ω)+ g0 (p‖, ω′ − ω)]
−ipi
∫ EF /}
EF /}−ω
dω′a0
(
p‖, ω′
)
a0
(
p‖, ω′ + ω
)]
.
Thus, the intraband conductivity in the chiral level is
given by
σintraα,β (ω) =
e2v2F
2pi`2}2
i
ω
∫
dp‖
2pi
Υ
(α)
0,0
(
p‖
)
Υ
(β)
0,0
(
p‖
)
(24)
×
[∫ +EF /}
−∞
dω′a0
(
p‖, ω′
)
K
(
p‖, ω, ω′
)
−ipi
∫ EF /}
EF /}−ω
dω′a0
(
p‖, ω′
)
a0
(
p‖, ω′ + ω
)]
.
with the function
K
(
p‖, ω, ω′
)
= g0
(
p‖, ω′ + ω
)
+ g0
(
p‖, ω′ − ω
)
(25)
−2δα,βg0
(
p‖, ω′
)
.
In the absence of a tilt, only the matrix element
Υ
(α)
0,0
(
p‖
)
for α in the direction of the magnetic field is
nonzero. Thus, only the conductivity σ‖ (ω) (which is
σxx (ω) for B = B0x̂ and σzz (ω) for B = B0ẑ) is nonzero.
From Eq. (24), we get
Re
[
σ‖ (ω)
]
=
vF e
3τ0
4pi2}2
B0
1 + (ωτ0)
2 , (26)
Im
[
σ‖ (ω)
]
= ωτ0 Re
[
σ‖ (ω)
]
. (27)
Our results for the conductivity contains the momentum
instead of the transport relaxation time since vertex cor-
rections are not included in our calculation of the current
response function.
A finite tilt modifies the matrix elements Υ
(α)
0,0
(
p‖
)
and makes the other elements of the conductivity tensor
nonzero, in particular σ⊥ (ω) (i.e. σzz (ω) for B = B0x̂
and σxx (ω) for B = B0ẑ), which enters in the definition
of the Kerr angle for the Voigt configuration, as we show
below.
With τ0 and vF independent of the magnetic field, Eq.
(26) shows that the conductivity Re
[
σ‖ (ω)
]
increases
linearly with the magnetic field. This negative magne-
toresistance is a signature of the chiral anomaly in Weyl
semimetals7, where collinear electric and magnetic fields
(E ·B 6= 0) result in a transport of electrons between two
Weyl nodes of opposite chirality. It is known, however,
that τ0 varies with magnetic field in a way that depends
on the type of disorder considered. For instance, in the
6case of short-ranged neutral impurities, Re
[
σ‖ (ω)
]
be-
comes independent of B. The B-dependence of vF can
further alter the sign of the magnetoresistance20,21. As
a result, the B-dependence of Re
[
σ‖ (ω)
]
is not robustly
linked to the chiral anomaly.
In contrast, the situation appears to be more promising
when it comes to the plasmon frequency ωp. At q = 0,
ωp is given by the condition
Re
[
ε|| (ωp)
]
= 0, (28)
i.e.
1− Im
[
σ‖ (ωp)
]
ε0ωp
= 0, (29)
which gives
1− 1
ε0
vF e
3
4pi2}2
τ20
1 + (ωpτ0)
2B0 = 0. (30)
The plasmon frequency occurs at high frequency (in the
THz range in WSMs), which can exceed the momentum
scattering rate. When ωpτ0  1, one has
ω2p =
e2vF
4pi2}`2ε0
, (31)
where ε0 is the permittivity of free space (in general to be
multiplied by ε∞ due to screening from high-energy elec-
tronic bands). The linear increase with magnetic field of
ω2p is also a signature of the chiral anomaly
7 and should
not be modified by disorder insofar as ωpτ0  1. This
trend remains likewise robust to the B−dependence of
vF (neglected herein). In a normal metal, the plasmon
frequency ω2p,metal = nee
2/mε0, with ne the electronic
density and m the effective mass of the electron, is in-
dependent of the magnetic field (see Appendix C). The
dispersion relation of the plasmon mode in WSMs and
normal metals are discussed in more detail in Ref. 22.
The plasmon frequency, or equivalently the zero of the
longitudinal dielectric function, increases as
√
B0. When
interband transitions are considered, ωp is shifted to a
lower frequency as shown in Fig. 4, although it remains
in the THz range.
IV. FORMALISM FOR THE
MAGNETO-OPTICAL KERR EFFECT
We consider an electromagnetic wave arriving at nor-
mal incidence on a surface of a semi-infinite WSM that
has no Fermi arcs. The Maxwell equations in region 1
(the vacuum) and 2 (the WSM) are
∇ ·D = ρf ; ∇×E = −∂B
∂t
, (32)
∇ ·B = 0;∇×H = jf + ∂D
∂t
, (33)
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FIG. 4. Real part of the relative dielectric function ε‖ =
εxx as a function of ω for an external static magnetic field
B = B0x̂ with B0 = 0.3T. The zero of ε‖ (ω), which gives the
plasmon frequency, is pushed to a lower frequency when inter-
Landau level contributions are considered. Parameters: total
electronic density ne = 1 × 1020 m−3, momentum relaxation
time τ0 = 10 ps, Fermi velocity vF = 3 × 105 m/s, and tilt
t = 0.
where ρf and jf are the free charge and current densi-
ties. We assume that the WSM is non-magnetic so that
B = µ0H with µ0 the permeability of free space. We use
the constitutive relation D = 0
←→ε · E, where ←→ε is the
relative dielectric tensor which is related to the conduc-
tivity tensor ←→σ by
←→ε =←→I + i
←→σ
ε0ω
, (34)
with
←→
I the unit tensor and ε0 the permittivity of free
space. To account for the high-energy transitions not
included in our calculation, the unit tensor
←→
I should
be replaced by the relative dielectric tensor ←→ε ∞ whose
precise form depends on the particular WSM considered.
In our calculation, we take ←→ε ∞ = ε∞←→I with ε∞ = 1.
Because ε∞ can be quite big in WSMs, we discuss the
effects of increasing ε∞ on the Kerr angle in Sec. VI.
From the Maxwell equations, the dispersion relation of
an electromagnetic wave in both regions (with ←→ε = ←→I
in region 1) is given by
q2E− (q ·E) q =ω
2
c2
←→ε ·E. (35)
At the interface between vacuum and WSM, the elec-
tromagnetic field must obey the boundary conditions
(D1−D2) · nˆ = σf , (36)
(B1−B2) · nˆ = 0,
E
‖
1−E‖2 = 0,
H
‖
1−H‖2 = 0,
7where nˆ is a vector normal to the WSM surface, pointing
from region 2 to 1. E
‖
i ,H
‖
i (with i = 1, 2) are the field
components parallel to the surface of the WSM, which
we take to be the x− y plane at z = 0.
The incident wave is assumed to be linearly polarized
in the x− y plane : EI(z, t) = (Ex0 xˆ +Ey0 yˆ)ei(qz−ωt). Its
dispersion relation is q2 = ω2/c2, where c is the speed of
light in vacuum. The reflected wave is given by
ER(z, t) =[(rxxE
x
0 + rxyE
y
0 )xˆ (37)
+ (ryxE
x
0 + ryyE
y
0 )yˆ]e
−i(qz+ωt),
where rij are complex reflection coefficients that depend
on the orientation of the magnetic field, tilt vector and
mirror plane. We consider two different cases in the fol-
lowing sections: the longitudinal and transverse configu-
rations.
A. Longitudinal propagation (q ‖ B0 ‖ zˆ)
In the longitudinal configuration, the electromagnetic
wave propagates in the direction of the external magnetic
field. If the external magnetic field B0 and the tilt vector
t are in the zˆ direction, perpendicular to the mirror plane,
then the total dielectric tensor (sum of the four nodes)
has the form
←→ε =
 εxx εxy 0−εxy εxx 0
0 0 εzz
 . (38)
In this situation, Maxwell equations support in the WSM
two elliptically polarized electromagnetic waves, the ana-
log of the right (RCP) and left (LCP) circularly po-
larized waves, with electric fields E+ = Ex + iEy and
E− = Ex − iEy. The transmitted electric fields for these
two solutions are given by :
E
(±)
T (z, t) =[(t
(±)
xx E
x
0 + t
(±)
xy E
y
0 )xˆ (39)
+ (t(±)yx E
x
0 + t
(±)
yy E
y
0 )yˆ]e
−i(q±z−ωt),
where tij(ω) are complex transmission coefficients. The
component ET,z = 0 so that the wave is transverse in
both media and there is no induced charge (i.e. ∇ ·D =
0) in the WSM. The dispersion relations are
q2±(ω) =
ω2
c2
(εxx ± iεxy) (40)
≡ ω
2
c2
ε∓ (ω)
= q2ε∓ (ω)
with q = ω/c.
The total electric fields in regions 1 and 2 are given by
E1(z, t) = EI(z, t) + ER(z, t), (41)
E2(z, t) = E
+
T (z, t) + E
−
T (z, t), (42)
with the magnetic fields obtained from Faraday’s law.
Applying the boundary conditions to the total elec-
tric and magnetic field and isolating the reflection coeffi-
cients, we get
rxx(ω) = ryy(ω) =
1−√ε+ε−(
1 +
√
ε+
) (
1 +
√
ε−
) , (43a)
ryx(ω) = −rxy(ω) =
i
(√
ε+ −√ε−
)(
1 +
√
ε+
) (
1 +
√
ε−
) . (43b)
In this configuration, the incident wave is taken to be
linearly polarized at an angle θI = pi/4 from the x axis
with amplitude Ex0 along both directions of the x − y
plane, so that the reflected electric field is
ER(z, t) = (E
x
R(ω)xˆ + E
y
R(ω)ŷ) e
−i(qz+ωt), (44)
with
ExR(ω) = (rxx(ω) + rxy(ω))E
x
0 , (45)
EyR(ω) = (rxx(ω)− rxy(ω))Ex0 . (46)
The coefficients rij(ω) are obtained from the dielectric
tensor←→ε , which contains the combined current response
function of the four nodes.
B. Transverse propagation (q ⊥ B0 ‖ xˆ)
In the transverse configuration, the electromagnetic
wave still propagates along the z axis, but the external
magnetic field is taken to point in the direction xˆ, i.e.
parallel to the mirror plane. For a tilt along the z axis,
the dielectric tensor for this configuration has the form
←→ε =
 εxx 0 00 εyy εyz
0 −εyz εzz
 (47)
when the contributions of the four nodes are taken into
account.
Maxwell’s equations give again two dispersion rela-
tions: one where the electric field E‖ of the incident light
is polarized along x, i.e. parallel to the static magnetic
field, giving the dispersion relation
q2‖ =
ω2
c2
εxx, (48)
and one where the electromagnetic wave is polarized
along y, i.e. perpendicular to the static magnetic field
with the dispersion relation
q2⊥ =
ω2
c2
(
εyy +
ε2yz
εzz
)
=
ω2
c2
εv, (49)
8where εv is called the Voigt dielectric function
23. In this
later case, there is an induced field in the direction of
propagation, given by
Ez = −εzy
εzz
Ey, (50)
so that the electric field for this polarization, in medium
2, is given by
E⊥ = Ey
(
ŷ − εzy
εzz
ẑ
)
. (51)
The induced charge is still zero, however. The transmit-
ted wave in the WSM is given by
E
(±)
T (z, t) = t‖E‖e
−i(q‖z−ωt) + t⊥E⊥e−i(q⊥z−ωt), (52)
where t‖, t⊥ are the transmission coefficients for the par-
allel and transverse polarizations. In the Voigt configu-
ration, the polarization vector of an incident electromag-
netic wave polarized at an angle with respect to the x axis
in the x− y plane will rotate in the WSM because of the
different refractive indices for the parallel and transverse
polarizations. There is no rotation if the polarization
vector is only along the x or y axis. This form of dichro-
ism can also lead to a sizeable Kerr rotation as we show
in Sec. V. Solving Eqs. (35) and (36) gives the reflected
field components
ExR(ω) =
1−√εxx
1 +
√
εxx
Ex0 (ω), (53)
EyR(ω) =
1−√εv
1 +
√
εv
Ey0 (ω).
C. Definition of the Kerr angle
We define the phases θxR and θ
y
R by
ExR = |ExR|iθ
x
R , EyR = |EyR| eiθ
y
R , (54)
where
∣∣EiR∣∣ , θiR (with i = x, y) are respectively the mod-
uli and associated phases of the complex components of
the reflected wave. The reflected electric field at z = 0 is
then
E (t) = |ExR| cos (θxR − ωt) x̂+ |EyR| cos (θyR − ωt) ŷ. (55)
The polarization of the reflected field is strongly modi-
fied as the frequency is varied. It could be linear, ellipti-
cal or circular. The sense of rotation of the polarization
can also change with ω. A complete description of the
reflected field would give E (t) over one period of oscil-
lation. Experimentally, however, what is reported is the
Kerr angle θK and ellipticity φK defined by
tan (θK + θI) =
∣∣∣∣EyRExR
∣∣∣∣ , (56)
where θI is the polarization angle of the incident linearly
polarized wave, and the ellipticity
φK = θ
x
R − θyR. (57)
In the Faraday configuration, with an incident wave
linearly polarized at an angle θI = pi/4 with respect to
the x axis, the Kerr angle is given by
tan (θK + θI) =
∣∣∣∣∣1 + i
(√
ε+ −√ε−
)−√ε+ε−
1− i (√ε+ −√ε−)−√ε+ε−
∣∣∣∣∣ , (58)
while in the Voigt configuration for the identically polar-
ized incident wave, the Kerr angle is
tan (θK + θI) =
∣∣∣∣∣
(
1−√εv
) (
1 +
√
εxx
)(
1 +
√
εv
) (
1−√εxx
) ∣∣∣∣∣ . (59)
V. NUMERICAL RESULTS FOR THE KERR
ANGLE
We compute the Kerr angle in the four-node model for
two specific configurations: (1) the longitudinal Faraday
configuration where q ‖ B0‖ zˆ and the linear polarization
vector is ê⊥B0; and (2) the transverse Voigt configura-
tion where q ‖ zˆ, B0 = B0x̂⊥q and the linear polar-
ization vector ê is in the x − y plane. For the Faraday
configuration, we choose the magnetic field to be perpen-
dicular to the mirror plane while we take it in the mirror
plane in the Voigt configuration. Other choices are, of
course, possible. We assume a total electronic density of
ne = 1× 1020 m−3 for the four nodes. For the interband
transitions, we introduce the scattering rate phenomeno-
logically by taking a finite but small value of δ in the
conductivity tensor. For the intraband transitions, dis-
order is taken into account explicitly by introducing a
lorentzian broadening Γ = 1/2τ0 with τ0 = 10
−11 s. In
both configurations, the tilt vector is taken to be t = t0ẑ
with t0 = 0.5, so that t‖B0 in the Faraday configuration
and t⊥B0 in the Voigt configuration. This is done in or-
der to isolate the main features of the Kerr angle in both
configurations, i.e. valley polarization in the former, and
chiral anomaly in the latter. In the presentation of our re-
sults, we change the notation for the Landau level index,
i.e. we choose n to be positive for s = +1 and negative
for s = −1. The chiral Landau level is still n = 0.
A. Faraday configuration
When the external magnetic field has a non-zero pro-
jection along the tilt vector, an optical valley polarization
effect appears in the absorption spectrum. This effect
results in a splitting of the interband transition peaks
0 → |n| and − |n| → 0 that involve the chiral Landau
level. One pair of nodes starts absorbing light before the
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FIG. 5. Frequency dependence of the Kerr angle θK and
real part of the dielectric functions ε+ and ε− in the Faraday
configuration, where q,B0, t ‖ẑ. The interband transitions
contributing to the main peaks are indicated. The 0→ 1 and
−1 → 0 transitions are each split into two as a consequence
of valley polarization; the Weyl nodes τ contributing to each
of the subpeaks are indicated. Parameters: B0 = 0.2T, ne =
1× 1020 m−3, vF = 3× 105 m/s, t = 0.5ẑ.
other pair, leading to a valley polarization. This phe-
nomenon was studied extensively in our previous work
on the absorption spectrum of a WSM1. Here, we show
that it is also possible to probe it using the MOKE.
A plot of the Kerr angle versus frequency is shown in
Fig. 5 for the case where the vectors q,B0, t are all paral-
lel to the z axis and so perpendicular to the mirror plane.
The incident wave is assumed linearly polarized in the
x−y plane with θI = pi/4 and the Fermi level is in the chi-
ral Landau level. In this configuration, only the dipolar
transitions are permitted. The allowed interband transi-
tions are visible as a succession of dips in the curve of the
Kerr angle vs frequency for ω & 4×1012 rad/s or peaks in
the dielectric functions Re [ε± (ω)]. The curve of θK (ω)
shows a large peak around ω ≈ 1 × 1012 rad/s, which
coincides with the frequency ω+ where Re [ε+ (ω)] = 0.
Figure 6 shows that this large peak in θK (ω) is redshifted
in frequency when the magnetic field increases, which is
also the behavior of the frequency ω+ (B) . A similar shift
happens in a normal metal (see Appendix C). We remark
that τ0 does not enter in the calculation of the Kerr angle,
i.e. in Eq. (58), in this configuration.
Figure 5 shows that nodes related by time-reversal
symmetry (TRS), i.e. nodes 1 and 3 or 2 and 4, have
different optical gaps in the Faraday configuration. This
causes a splitting of the dips in θK (ω) or the peaks in
Re [ε± (ω)] corresponding to the transitions 0 → 1 and
−1 → 0. (Note that we could have chosen a different
Faraday configuration leading to no splitting.) The other
interband peaks in Re [ε± (ω)], corresponding to tran-
sitions between nonchiral Landau levels, are not split.
By contrast, when t ·B0 = 0 for all nodes, transitions
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FIG. 6. Kerr angle as a function of frequency for different
values of the magnetic field B = B0ẑ in the Faraday config-
uration. Parameters: ne = 1× 1020 m−3, vF = 3× 105 m/s,
t = 0.5ẑ.
0→ 1 (or −1→ 0) are equivalent for all four nodes and
therefore, only a single dip or peak is present for each
transition 0 → 1 or −1 → 0. With a linearly polarized
incident wave, both 0 → 1 and −1 → 0 transitions are
excited. For a circularly polarized light, either the 0→ 1
or −1 → 0 transition is excited. (More specifically, the
transitions |n| → |n| + 1 show up in ε− and the tran-
sitions |n| → |n| − 1 in ε+, as in graphene.) The valley
polarization effect due to a finite tilt, for transitions in-
volving the chiral level, are thus detectable in the Kerr
rotation spectra.
Using Eq. (A23), the energy gap between two Landau
levels n,m 6= 0 of a tilted Weyl cone is independent of
the node index and increases with magnetic field. As we
just showed, the gap involving the chiral level behaves
differently. If the Fermi level is not at the neutrality
point, it depends on the node index and the splitting of
the 0 → 1 (or −1 → 0) peak decreases with increasing
magnetic field as can be seen in Fig. 6. This behavior
is also present in the absorption spectrum (see Fig. 9 of
Ref. 1). It follows that, in the quantum limit, the val-
ley polarization is present in the Kerr rotation angle in
a larger range of frequencies as the magnetic field is de-
creased. The splitting can also be increased by increasing
the tilt. It would be interesting to measure these effects
experimentally.
B. Voigt configuration
In the Voigt configuration, the magnetic field B = B0x̂
is perpendicular to the propagation vector q ‖ zˆ and the
tilt vector t ‖ zˆ and the polarization vector ê lies in the
x − y plane. As Eq. (53) shows, in order to see a Kerr
rotation in the Voigt configuration, the polarization of
the incident wave propagating along the z direction must
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make an angle with the x and y axis. We choose θI = pi/4
and Ex0 = E
y
0 = E0 for the incoming electric field. Then,
the reflected electric field is given by
ExR(ω) =
1−√εxx
1 +
√
εxx
E0(ω), (60)
EyR(ω) =
1−√εv
1 +
√
εv
E0(ω),
with εv = εyy + ε
2
yz/εzz.
We first remark that if interband transitions are not in-
cluded in the calculation of the dielectric functions, then
εyy = 1 and εyz = 0 so that εv = 1. It then follows from
Eq. (60) that EyR(ω) = 0, and so tan (θK + θI) = 0, giv-
ing θK = −pi/4. There is no structure in the Kerr angle
in this case. When both intraband and interband tran-
sitions are included, the behavior of the Kerr angle with
frequency and magnetic field is shown in Fig. 7. We
notice that the Kerr angle in this configuration is as big
as in the Faraday configuration, in contrast to a normal
metal (where it is at least ten times smaller). Moreover,
its behavior is clearly different from that in the Fara-
day configuration. The strong peak in the Kerr angle at
high frequency occurs when Re [εxx (ω)] = 0, i.e. at the
WSM plasmon frequency ω = ωp given by Eq. (31), as
can be seen in Fig. 8. The peak is also present at zero
tilt, and its frequency increases as
√
B0. In an ordinary
metal, the frequency of the peak in the Kerr angle in-
creases proportionally to B20 . Moreover, in a metal, the
negative peak in the Kerr angle occurs at the plasmon
frequency ωp,metal =
√
ne2/mε0, which is independent
of B0. In contrast, in a WSM, the negative peak occurs
when Re [εv (ω)] = 0 (see Fig. 8) and is redshifted with
magnetic field. In this figure, the plasmon frequency is
below the interband absorption threshold. This is a com-
mon circumstance, especially if we take into account the
effect of ∞ which reduces the plasmon frequency without
changing the optical gap for interband transitions.
The blueshift of the Kerr angle in a WSM is consistent
with the measurement by Levy et al. (see Fig. 2(d) of
Ref. [16]) of the blueshift of the reflectance edge in the
Weyl semimetal TaAs. As we pointed out in Sec. III,
this magnetoresistance effect is a signature of the chiral
anomaly in a WSM and, as Fig. 7 clearly shows, it is re-
flected in the displacement of the peak in the Kerr angle.
This peak is caused mainly by the intraband contribution
of the chiral Landau level to the longitudinal conductiv-
ity σxx (i.e. σ‖). Since it occurs at the plasmon frequency
given in Eq. (31), which is independent of τ0 in the limit
ωpτ0  1, it is not affected by the magnetic-field de-
pendence of τ0. We have checked numerically that taking
τ0 ∝ 1/B0 or τ0 ∝ 1/B20 does not change the position of
this peak.
The peak disappears if the intraband part of σxx is set
to zero, but is almost unchanged if σzz (i.e. σ⊥) is zero.
As discussed in Sec. III, the interband transitions pro-
duce a redshift of the plasmon frequency. The shift of the
Kerr angle occurs in the THz range and should be mea-
surable in optical experiments. The blueshift of the Kerr
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FIG. 7. Kerr angle as a function of frequency for different
magnetic fields in the Voigt configuration. The blueshift of the
large peak in θK is related to the chiral anomaly. Parameters:
ne = 1× 1020 m−3, τ0 = 10 ps, vF = 3× 105 m/s, t = 0.5ẑ.
angle with magnetic field in the Voigt geometry contrasts
with its behavior in the Faraday configuration, where it
is redshifted with the magnetic field. The Voigt geome-
try is special because the longitudinal dielectric function
(e.g. εxx when B0||xˆ) enters the definition of the Kerr
angle, while it does not in the Faraday configuration.
Aside from the large maximum caused by intraband
transitions, the Kerr angle displays additional smaller
peaks originating from interband transitions. The first
four of these peaks, also visible in Re [εxx (ω)] (see Fig.
8), occur at the transitions 0 → 1; −1 → 0; 0 → 2 and
−2 → 0. Because we choose t⊥B (i.e. t‖ = 0 in Eq.
(A23)), there is no splitting of the 0 → 1 and −1 → 0
peaks and so no valley polarization in the Kerr angle.
Figures 7 and 8 show some intriguing structure in the
low-frequency region. However, as this low-frequency be-
havior will likely be strongly affected by details of the
disorder, for example the impact of the B−dependence
of the scattering time, we will not discuss it further in
this paper.
VI. SUMMARY
We have shown that a sizeable Kerr rotation is pos-
sible in a simplified model of a Weyl semimetal in both
the Faraday and Voigt configurations. Inter-Landau level
transitions appear as dips or peaks in a plot of the Kerr
angle vs frequency and can be detected in this way. More-
over, a tilt of the Weyl cones allows the detection of tran-
sitions beyond the dipolar ones. In the particular Fara-
day configuration that we have chosen to study, with a
nonzero tilt of the Weyl cones in the direction of the ex-
ternal magnetic field, the peaks in the Kerr angle that
represent interband transitions involving the chiral Lan-
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dau level are split into subpeaks. This splitting, which we
found before in the absorption spectrum, is a manifesta-
tion of a full valley polarization in a WSM1. A valley po-
larization is thus also detectable via the magneto-optical
Kerr effect.
We have also demonstrated the interest of measuring
the MOKE in the Voigt geometry. In this configuration,
the Kerr angle involves the longitudinal dielectric func-
tion ε‖ (ω), unlike in the Faraday configuration, since the
electric field of the wave has a nonzero projection on the
external magnetic field. The zero of the longitudinal di-
electric function gives the plasmon frequency ωp. The
chiral anomaly in a WSM leads to an increase of ωp with
the external static magnetic, i.e. ωp ∝
√
B0. In the Voigt
geometry, a large peak in the Kerr angle θK occurs at ωp
and is consequently blueshifted by a magnetic field. We
argued that the
√
B0 shift of this peak is the signature
of the chiral anomaly in the MOKE, just like the shift
of the absorption edge recently reported in reflectance
measurements16.
The exact size of the Kerr angle depends, of course,
on the dielectric constant ε∞, which can be quite large
in WSMs. We have verified that using a larger value of
ε∞ in our calculation (instead of ε∞ = 1) does indeed re-
duce the amplitude of the Kerr angle signal and redshifts
the frequencies of the peaks and dips. For ε∞ = 30,
the amplitude of the peak in θK at B = 0.3 T in Fig.
7 is decreased from 0.65 rad to 0.41 rad and ωp is re-
duced to ωp ≈ 2.5 × 1012 rad/s. If ε∞ is very large, the
peak θK (ωp) may be blurred by disorder. For the chiral
anomaly to be detected in the Kerr angle, the plasmon
frequency must satisfy the condition ωpτ0  1.
We have chosen a total electronic density of ne =
1 × 1020 m−3 for our calculation, as we did not have
a particular WSM in mind. At such a small density, the
quantum limit is reached at a very small value of B0, i.e.
≈ 0.053 T. To be certain that this choice does not affect
the main conclusions of our paper, and to get a quan-
tum limit closer to recently reported electronic density
values16,24,25, we have recalculated Fig. 7 for a much
bigger total density of ne = 1 × 1022 m−3 and a mag-
netic field of B0 = 7.83 T (the value of B0 needed to
obtain the same Fermi level as in Fig. 7 for B0 = 0.3 T).
The qualitative aspects of the curve remain unchanged,
with almost the same amplitude for the peaks and dips,
but with the peak at θK (ωp) now shifted to ≈ 32× 1012
rad/sec, i.e. ≈ 21 meV. Thus, an increase in the carrier
density could compensate for the redshift created by a
larger value of ε∞.
Although our calculations have been carried out for a
toy model, the main predictions derived from them are
applicable to real WSMs. For example, let us consider
TaAs, which displays two symmetry-inequivalent multi-
plets of Weyl nodes (8 W1 nodes and 16 W2 nodes). If
B0 and q are both parallel to the c-axis of the crystal
(Faraday configuration), one should see a peak-splitting
due to valley polarization in the contribution from the
W2 nodes to the Kerr angle. No such splitting would
be present in the contribution from the W1 nodes, be-
cause these are not tilted along the c axis. In principle,
one can distinguish the contributions of the W1 and W2
nodes because their optical absorption thresholds differ
by about 10 meV. Also, if B0 is along the c axis of the
crystal but q is along the a or b axis (Voigt configura-
tion), a peak in the Kerr angle will emulate the blueshift
of the plasmon frequency as a function of B0. Finally,
the contribution from Fermi arcs to the magneto-optical
response, neglected in our theory, should not significantly
affect our main predictions, as the penetration depth of
the electromagnetic waves in weakly doped bulk WSMs
can largely exceed the localization length of the surface
states.
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Appendix A: EIGENSTATES OF TILTED WEYL
CONES
A transverse static magnetic field B = B0ẑ is added
via the Peierls substitution p → P = p + eA, with the
vector potential A = (0, Bx, 0) (e > 0 for an electron)
taken in the Landau gauge. The Hamiltonian h1(p) for
node 1 becomes
h1(P) = h
(0)
1 (P) +W1 (P) , (A1)
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with
h
(0)
1 (P) = vF
(
Pz Px − iPy
Px + iPy −Pz
)
, (A2)
the Hamiltonian in the absence of a tilt, and with
W1 (P) = vF
(
t ·P 0
0 t ·P
)
, (A3)
the perturbation due to the tilt.
The Hamiltonian h
(0)
1 (p) is easily diagonalized by
defining the ladder operators
a =
`√
2}
(Px − iPy) , (A4)
a† =
`√
2}
(Px + iPy) . (A5)
The energy spectrum of h
(0)
1 (p) consists in both positive
and negative energy Landau levels. We classify them
with the indices n, s where n = 0, 1, 2, 3, ... is always
positive and s = +1 (−1) is a band index for the pos-
itive(negative) energy levels. For node 1 :
E1,0 (pz) = −vF pz, (A6)
E1,n6=0,s (pz) = svF
√
2
}2
`2
n+ p2z, (A7)
with the corresponding eigenstates
w1,n,s,X (pz, r) =
1√
Lz
(
u1,n,s (pz)hn−1,X (x, y)
v1,n,s (pz)hn,X (x, y)
)
eipzz/}.
(A8)
In these equations, ` =
√
}/eB is the magnetic length
and the wave functions hn,X (x, y) are the eigenstates of
a two-dimensional electron gas in a transverse magnetic
field in the Landau gauge:
hn,X (x, y) =
1√
Ly
ϕn (x−X) e−iXy/`2 , (A9)
with ϕn (x) the eigenstates of the one-dimensional har-
monic oscillator and n and X the Landau level and
guiding-center indices respectively.
The coefficients u1,n,s,pz , v1,n,s,pz , which are indepen-
dent of X, are given for n 6= 0 by(
u1,n,s (pz)
v1,n,s (pz)
)
=
1√
2
 −is√1− vF pzE1,n,s(pz)√
1 + vF pzE1,n,s(pz)
 , (A10)
and obey the normalization condition |u1,n,s (pz)|2 +
|v1,n,s (pz)|2 = 1. For the chiral Landau level n = 0, the
eigenstate is simply(
u1,0 (pz)
v1,0 (pz)
)
=
(
0
1
)
(A11)
and there is no band index in this case. The eigenenergies
are independent of X so that each level (n, s, pz) has a
degeneracy given by Nϕ = S/2pi`
2 with S = LxLy the
area of the electron gas in the x − y plane (Lz is its
extension in the z direction).
We must now obtain the energies and eigenvectors for
tilted cones. Although an analytical solution exists10, it
is more convenient to use a numerical approach to the
eigenvalue problem since we can then study the system
for arbitrary orientations of the magnetic field and tilt
vector or consider more complex Hamiltonians with, for
example, non linear terms in the energy spectrum13.
We write the many-body Hamiltonian for the four-
node model as
H =
∑
τ
∫
d3rψ†τ (r)hτ (r)ψτ (r) (A12)
and expand the fermionic field operators ψτ (r) onto the
{wτ,n,s,X (pz, r)} basis (we leave as implicit the fact that
t depends on the node index τ)
ψτ (r) =
∑
n,X,pz
wτ,n,s,X (pz, r) cτ,n,s,X,pz , (A13)
where cτ,n,s,X,pz is the annihilation operator for an elec-
tron in the wτ,n,s,X,pz (r) state. The many-body Hamil-
tonian can be written as
H =
∑
τ,n,s,pz
(Eτ,n,s (pz) + vF tzpz) c
†
τ,n,s,X,pz
cτ,n,s,X,pz (A14)
+
}vF√
2`
∑
τ,n,n′,s,s′,pz
Wτ,n,s,n′,s′ (pz) c
†
τ,n,s,X,pz
cτ,n′,s′,X,pz .
The matrix elements Wτ,n,s,n′,s′ (pz) are defined by
Wτ,n,s,n′,s′ (pz) =
∫
d3rw†τ,n,s,X (pz, r) (A15)
× (t−a† + t+a)wτ,n′,s′X (pz, r) ,
with the definition
t± = tx ± ity. (A16)
Their calculation gives
Wτ,n,s,n′,s′ (pz) (A17)
= −it+u∗τ,n,s (pz)uτ,n+1,s′ (pz)
√
nδn′,n+1
−it+v∗τ,n,s (pz) vτ,n+1,s′ (pz)
√
n+ 1δn′,n+1
+it−u∗τ,n,s (pz)uτ,n−1,s′ (pz)
√
n− 1δn′,n−1
+it−v∗τ,n,s (pz) vτ,n−1,s′ (pz)
√
nδn′,n−1.
The linear dispersion being valid only in a small region
around each Weyl node, an appropriate high-energy cut-
off must be applied to the summation over pz. That cutoff
is assumed to be small compared to the internodal sepa-
ration in momentum space.
We define the super-indices I = n, s and J = n′, s′ in
order to write the Hamiltonian H in the matrix form :
H =
∑
τ,X,pz
∑
I,J
c†I (τ,X, pz)FI,J (τ, pz) cJ (τ,X, pz) ,
(A18)
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where cJ (τ,X, pz) stands for the vector
(cτ,1,X,pz,cτ,2,X,pz,, cτ,3,X,pz,, ..., cτ,N,X,pz,) , where N
is the number of Landau levels n, s kept in the cal-
culation and FI,J (τ, pz) is the N × N matrix given
by
FI,J (τ, pz) = (Eτ,I (pz) + vF tzpz) δI,J +Wτ,I,J (pz) ,
(A19)
which is independent of the guiding-center index X.
The matrix F is hermitian and so can be diagonalized
by a unitary transformation
F = UDU†, (A20)
where U is the matrix of the eigenvectors of F and D
the diagonal matrix of its eigenvalues EI (τ, pz) , which
are the energy of the Landau levels in the presence of the
tilt.
Defining new operators dI (τ,X, pz) by
dI (τ,X, pz) =
∑
J
(
U†
)
I,J
cJ (τ,X, pz) , (A21)
we get the final result
H =
∑
τ,X,pz
∑
I
EI (τ, pz) d
†
I (τ,X, pz) dI (τ,X, pz) .
(A22)
We also consider the case where the magnetic field is in
the x̂ direction. The analysis proceeds in a similar way.
The analytical results10 for the energy levels of the
tilted cone τ = 1 are
En=0,p‖ = vF t‖p‖ −
vF
γ
p‖, (A23)
En 6=0,p‖ = vF t‖p‖ + s
1
γ
√
v2F p
2
‖ +
2}2nv2F
γ`2
,
where p‖ = p·B̂, t‖ = t·B̂ and γ =
(
1−
∣∣∣t× B̂∣∣∣2)−1/2 .
Appendix B: CURRENT OPERATOR
The single-particle current operator for node τ is de-
fined by
jτ = − ∂hτ (p)
∂Aext
∣∣∣∣
Aext→0
= −evF (σ + tσ0) , (B1)
where Aext is the vector potential of an external elec-
tromagnetic field. The total many-body current for this
node is given by
Jτ =
∫
d3rψ†τ (r) jτψτ (r) (B2)
= −evF
∑
τ,pz,X
∑
I,J
ΛI,J (τ, pz) c
†
τ,I,X,pz
cτ,J,X,pz
= −evF
∑
τ,pz,X
∑
I,J
ΥI,J (τ, pz) d
†
I (τ,X, pz) dJ (τ,X, pz) ,
with the matrix elements defined by
ΛI,J (τ, pz) =
∫
d3rw†τ,I,X,pz (r) (σ + tσ0)wτ,J,X,pz (r)
(B3)
and the definition
Υ = U†ΛU. (B4)
The matrix elements
Λn,s,n′,s′ (B5)
= u∗τ,n,s (pz) vτ,n−1,s′ (pz) δn′,n−1 (x̂− iŷ)
+v∗τ,n,s (pz)uτ,n+1,s′ (pz) δn′,n+1 (x̂ + iŷ)
+u∗τ,n,s (pz)uτ,n,s′ (pz) δn′,nẑ
−v∗τ,n,s (pz) vτ,n,s′ (pz) δn′,nẑ
+tδn,n′δs,s′ .
Appendix C: MOKE IN A NORMAL METAL
For comparison with the Kerr rotation in a WSM, we
give a short review of the Kerr effect in a normal three-
dimensional metal in a transverse magnetic field. We
consider a system in which the half-space z < 0 (region
1) is occupied by a non-conducting medium with rela-
tive dielectric constant ε1 = 1 and the half-space z > 0
(region 2) is occupied by the normal metal. We use the
results of Section IV, but with the relative dielectric ten-
sor ←→ε of a normal metal.
1. Longitudinal propagation
(
q ‖ B0‖ zˆ
)
For a magnetic field B = B0zˆ, the (relative) dielectric
tensor for a normal metal in the Drude model has the
same symmetry as ←→ε in Eq. (38). The components are
given by
εxx = εyy = 1−
ω2p
ω
ω + iτm(
ω + iτm
)2
− ω2c
, (C1)
εxy = −εyx =
ω2p
ω
iωc(
ω + iτm
)2
− ω2c
, (C2)
εzz = 1−
ω2p
ω
1
ω + iτm
, (C3)
where τm is the transport relaxation time, ωc = eB0/m
the cyclotron frequency and ωp =
√
ne2/ε0m, with ε0
the free space permittivity and m the effective mass of
the electrons. The dispersion relation of Eq. (40) for
the two circularly polarized electromagnetic waves in a
normal metal becomes
q±(ω) =
ω
c
√
ε±, (C4)
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with
ε± (ω) = εxx ∓ iεxy (C5)
= 1− ω
2
p
ω
(
1
ω ± ωc + iτm
)
.
In the pure limit (τm →∞), the zeros of ε± are given by
(keeping only positive frequencies)
ω± =
∓ωc +
√
ω2c + 4ω
2
p
2
. (C6)
We remark that Eq. (C5) remains valid in the quantum
case, when the kinetic energy is quantized into Landau
levels.
For an incident wave linearly polarized at θI = pi/4
from the x axis with amplitude Ex0 , the reflection coef-
ficients are given by Eqs. (43a)-(43b), the Kerr angle is
obtained from Eq. (58) and the phases θxR and θ
y
R are
defined in Eq. (54).
Figure 9 shows the Kerr angle θK (left y axis) calcu-
lated from Eq. (56) (black line) for the same magnetic
fields B0 = 0.2, 0.3, 0.4 T used in Fig. 7 and the same
electronic density (equivalent to the density of one node)
ne = 0.25×1020 m−3. The relaxation time is taken to be
τm = 10 ps. As in a WSM, the big peak in the Kerr angle
occurs near the zero of the dielectric function Re [ε+ (ω)]
(right y axis), i.e. at ω+, and is shifted to lower frequen-
cies with increasing magnetic field. There is no particu-
lar feature of the Kerr angle at the cyclotron frequency
ωc = eB0/m, which is ωc = 0.035×1012 rad/s for B = 0.2
T. The density that we use in these calculations is much
smaller than that in a normal metal. Our goal is to com-
pare the predictions of the Drude model with that of the
WSM, where our numerical calculation uses that partic-
ular density.
Figure 10 shows what happens if we increase the den-
sity to ne = 0.25 × 1022 m−3. There is more struc-
ture in the Kerr angle, but the maximum still occurs
at Re[ε+ (ω+)] = 0, i.e. at a frequency 10 times big-
ger, and is again redshifted in frequency by an increasing
magnetic field. The shoulder on the left occurs at the
smallest of the two zeros of Re[ε− (ω)]. At a density of
ne = 1 × 1029 m−3, typical of a real metal and keeping
τm = 10 ps with B0 = 10 T, the Kerr angle is almost
constant at θK = 0.1 mrad. It peaks at Re[ε+ (ω+)] = 0,
i.e. at ω+ = 18.9 × 1015 rad/s where it reaches 3.5
mrad. The frequency ω+ is then given by Eq. (C6), with
ωcτm  ωpτm and ω+ = ωp. The Kerr angle decreases
with decreasing value of τm.
2. Transverse propagation (q ⊥ B0‖ xˆ)
With B = B0x̂, the dielectric tensor for a normal metal
has the symmetry of ←→ε in Eq. (47), except that εyy =
εzz and
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FIG. 9. Kerr angle in the Faraday configuration (left y axis)
and dielectric function Re[ε+ (ω)] (right y axis) as a function
of frequency for an external magnetic field B0 = 0.2, 0.3, 0.4
and an electronic density ne = 0.25× 1020 m−3.
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FIG. 10. Kerr angle in the Faraday configuration (left y axis)
and dielectric function Re[ε+ (ω)] (right y axis) as a function
of frequency for an external magnetic field B0 = 2, 3, 4 and
an electronic density ne = 0.25× 1022 m−3
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εxx = 1−
ω2p
ω
1(
ω + iτm
) , (C7)
εyy = εzz = 1−
ω2p
ω
ω + iτm(
ω + iτm
)2
− ω2c
, (C8)
εyz = −εzy = −
ω2p
ω
iωc(
ω + iτm
)2
− ω2c
. (C9)
Maxwell equations for this Voigt configuration give two
solutions with the polarization parallel or perpendicular
to the magnetic field and dispersion
q‖ =
ω
c
√
εxx, (C10)
q⊥ =
ω
c
√
εv, (C11)
where the Voigt dielectric constant is defined by
εv = εyy +
ε2yz
εzz
. (C12)
In this configuration there is an induced field in the di-
rection of propagation, which is given by
Ez = −εzy
εzz
Ey. (C13)
To see any variations of the Kerr angle, the incident
wave has to be polarized at an angle with respect to the
x and y axis. The reflected electric field components are
then obtained from Eq. (53), while the Kerr angle is
obtained from Eq. (59). In our calculation, we assume
that the incident wave is linearly polarized at an angle
θI = pi/4 with respect to the x axis, so that E
x
0 (ω) =
Ey0 (ω). The dielectric function Re [εxx (ω)] = 0 at ω =
ωp =
√
ne2/mε0.
Figure 11 shows the Kerr angle θK in the Voigt con-
figuration for three different values of the magnetic field,
i.e. B0 = 0.2, 0.3, 0.4 T, the same values as in Fig. 7 for
the WSM. The carrier density is ne = 0.25 × 1020 m−3
and the relaxation time is τm = 10 ps. The Kerr an-
gle is an order of magnitude smaller than in the Faraday
configuration. Its minimum occurs near the plasmon fre-
quency while, in a WSM (see Fig. 7), it is the maximum
of the Kerr angle that occurs at that frequency. Because
the plasmon frequency is independent of B0 in a metal,
the frequency at which the minimum in θK occurs is also
independent of B0. The minimum in θK increases nega-
tively with B0. We find numerically that the frequency
at which the Kerr angle is maximal θK,max ∝ B20 while
θK,max ∝
√
B0 in a WSM. In contrast with a WSM, this
maximum does not seem to be associated with any fea-
ture in εv or εxx.
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FIG. 11. Kerr angle θK in the Voigt configuration as a
function of frequency for B0 = 0.2, 0.3, 0.4 T. Parameters:
ne = 0.25× 1020 m−3 and τm = 10 ps.
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